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Abstract
In this paper, we describe the twisted Alexander polynomial of twist knots for nonabelian SL(2,C)-
representations and investigate in detail the coefficient of the highest degree term as a function on the
representation space of the knot group. In particular, we introduce the notion of monic representation and
discuss its relation to the fiberedness of knots.
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1. Introduction
The theory of twisted Alexander polynomial was introduced by Lin [18] and Wada [25] in
early 90s. It is a generalization of the classical Alexander polynomial and has many applications
to the knot theory. One of the most notable applications is to distinguish two mutant knots with
the trivial Alexander polynomial [25]. It has an explanation as the Reidemeister torsion and this
fact leads to the duality of the twisted Alexander polynomial [14]. It is also useful to the problems
on inversion and concordance of knots [12,13]. Further the classical result about the Alexander
polynomial of fibered knots, due to Neuwirth, is generalized to the twisted case (see [1,5,7,8]
and [15]). The results of Murasugi and Hartley concerning (freely) periodic knots are extended
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Hopf link and genus one fibered knots [6]. Recently the twisted Alexander polynomial is widely
investigated by several authors. See the literatures [2,11,16,17,19–21] and [22] for instance.
In this paper, we consider the twisted Alexander polynomial for a nonabelian SL(2,C)-
representation of the knot group. In general, each coefficient of the twisted Alexander polynomial
is a function on the representation space of the knot group. If the coefficient of the highest degree
term is the constant function 1, then we call such a representation monic. In this point of view, we
can say that every (in particular, infinitely many) nonabelian SL(2,C)-representation of a fibered
knot is monic. The purpose of this paper is counting the monic representations of a twist knot
explicitly. To be more precise, we show that for a nonfibered twist knot there exist only finitely
many conjugacy classes of the monic representations. To this end, we first describe the represen-
tation space of a twist knot following Riley’s paper [23]. After that we completely calculate the
twisted Alexander polynomial for nonabelian SL(2,C)-representations. We also investigate the
asymptotic behaviour of two plane curves (one is the Riley polynomial and the other corresponds
to the monic representations) in the complex projective plane. Finally we suggest a problem on
the fiberedness of knots. Here we have to remark that it is still an open problem whether the
twisted Alexander polynomial distinguishes all the fibered knot, except for genus one case.
This paper is organized as follows. In the next section, we quickly review the definition of the
twisted Alexander polynomial along the paper [25]. Section 3 is devoted to calculate the Riley
polynomial of a twist knot. In Section 4, we give a formula of the twisted Alexander polynomial
and introduce an affine plane curve defining the monic representations. The main theorem of the
paper is stated in the last section.
2. Twisted Alexander polynomials
For a knot group G(K) = π1E(K), namely the fundamental group of the exterior E(K) =
S3 −N(K) of a knot K in the 3-sphere S3, we choose and fix a Wirtinger presentation
P
(
G(K)
)= 〈x1, . . . , xk | r1, . . . , rk−1〉,
where N(K) denotes an open tubular neighborhood of K . Then the abelianization homomor-
phism
α : G(K) → H1
(
E(K),Z
)∼= Z = 〈t〉
is given by
α(x1) = · · · = α(xk) = t.
Here we specify a generator t of H1(E(K),Z) and denote the sum in the infinite cyclic group
Z multiplicatively. Further we take a linear representation ρ : G(K) → SL(2,C). The tensor
product of ρ and α is defined by
(ρ ⊗ α)(x) = ρ(x)α(x)
for x ∈ G(K).
These maps naturally induce two ring homomorphisms ρ˜ : Z[G(K)] → M(2,C) and
α˜ :Z[G(K)] → Z[t, t−1], where Z[G(K)] is the group ring of G(K) over Z and M(2,C) is
the matrix algebra of degree 2 over C. Combining them, we obtain a ring homomorphism
ρ˜ ⊗ α˜ : Z[G(K)]→ M(2,C[t, t−1]).
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Φ : Z[Fk] → M
(
2,C
[
t, t−1
])
the composition of the surjection Z[Fk] → Z[G(K)] induced by the presentation P(G(K)) and
the tensor representation ρ˜ ⊗ α˜.
Let us consider the (k − 1)× k matrix M whose (i, j)-component is the 2 × 2 matrix
Φ
(
∂ri
∂xj
)
∈ M(2,C[t, t−1]),
where ∂/∂x denotes the free differential calculus. This matrix M is called the Alexander matrix
of the presentation P(G(K)) associated to the representation ρ.
For 1 j  k, let us denote by Mj the (k−1)× (k−1) matrix obtained from M by removing
the j th column. We regard Mj as a 2(k − 1)× 2(k − 1) matrix with coefficients in C[t, t−1].
Then Wada’s twisted Alexander polynomial of a knot K associated to a representation ρ :
G(K) → SL(2,C) is defined to be a rational function
ΔK,ρ(t) = detMjdetΦ(1 − xj )
and moreover well-defined up to a factor t2n (n ∈ Z).
Remark 2.1. In [14], Kitano shows that the twisted Alexander polynomial ΔK,ρ(t) coincides
with the Reidemeister torsion τρ⊗α(E(K)) for an acyclic representation ρ ⊗ α : G(K) →
GL(n,C[t, t−1]). In general, the Reidemeister torsion is well-defined up to a factor of ±atnk
(k ∈ Z and a ∈ Im(det ◦ ρ) ⊂ C − {0}), where the sign ± depends on the parity of n. There-
fore ΔK,ρ(t) is well-defined up to a factor of only t2k (k ∈ Z) for a representation ρ : G(K) →
SL(2,C). See [7] for detailed discussion.
Remark 2.2. For a nonabelian representation ρ : G(K) → SL(2,C), namely the image ρ(G(K))
is a nonabelian subgroup in SL(2,C), the twisted Alexander polynomial ΔK,ρ(t) associated to ρ
is always a polynomial for any knot K (see [15]).
3. Nonabelian representations of twist knots
Following the paper [10], we denote the twist knot by K = J (±2,p), where p is an integer.
It is known that J (±2,2q + 1) is equivalent to J (∓2,2q) and moreover J (±2,p) is the mirror
image of J (∓2,−p). Hence, hereafter, we only consider the twist knot K = J (2,2q), where q
is an integer (see Fig. 1).
Twist knots are 2-bridge knots and have genus one. The Alexander polynomial of K =
J (2,2q) is given by
ΔK(t) = qt2 − (2q − 1)t + q.
The typical examples are the trefoil knot J (2,2) and the figure eight knot J (2,−2). When q = 0,
the twist knot J (2,0) presents the trivial knot. Thus, in the following, we always assume that
q = 0.
Now we take a presentation of the knot group G(K) = π1E(K),
P
(
G(K)
)= 〈x, y ∣∣wqx = ywq 〉, w = [y, x−1]
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for a twist knot K = J (2,2q) (see [4,10]). We define a nonabelian representation
ρ : G(K) → SL(2,C)
by the correspondence
ρ(x) = X =
(√
s 1/
√
s
0 1/
√
s
)
, ρ(y) = Y =
( √
s 0
−√s u 1/√s
)
,
where s = 0 and u are complex numbers. Here, by taking a conjugation in SL(2,C), it is enough
to consider matrices of the above form. An easy calculation shows that
ρ(w) = W = [Y,X−1]= ( 1 − su −1 + 1/s − u−u+ su+ su2 1 − (1/s − 2)u+ u2
)
.
For the matrix Wq = (w11 w12w21 w22 ) (the qth power of W ), we define the Riley polynomial of
ρ : G(K) → SL(2,C) to be φq(s, u) = w11 + (1 − s)w12. The previous assignment gives
a nonabelian SL(2,C)-representation of G(K) if and only if the Riley polynomial satisfies
φq(s, u) = 0 (see Theorem 1 in [23]). More precisely, the conjugacy classes of nonabelian
SL(2,C)-representations of G(K) are in one-to-two correspondence with the points of the affine
plane curve defined by φq(s, u) = 0, except for a finite number of classes in one–one correspon-
dence.
As is well known, when s = 1, it corresponds to the holonomy representation of a hyperbolic
knot. Moreover, all twist knots except for the trefoil knot (the case of q = 1) are known to be
hyperbolic. For a while, we assume that s = 1.
First we consider the case where trW = u2 − (s + 1/s − 2)u + 2 = 2. Namely, either u = 0
or u = s + 1/s − 2 holds. Hereafter we often use a notation τ = τ1 for trW . More generally, we
put τq = trWq and τ0 = 1 for simplicity.
(i) The case of u = 0.
X =
(√
s 1/
√
s
0 1/
√
s
)
, Y =
(√
s 0
0 1/
√
s
)
, W =
(
1 −1 + 1/s
0 1
)
.
Since Wq = ( 1 q(−1+1/s)0 1 ), the Riley polynomial in this case is given by
φq(s,0) = w11 + (1 − s)w12 = 1 + q
(
s + 1
s
− 2
)
= 0.
(ii) The case of u = s + 1/s − 2.
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(√
s 1/
√
s
0 1/
√
s
)
, Y =
( √
s 0
−√s(s + 1/s − 2) 1/√s
)
,
W =
(
2s − s2 1 − s
−(1 − s)3 2 − 2s + s2
)
.
If we choose a matrix P = ( (1−s)−1 −(1−s)−3
1 0
)
and take a conjugation of the matrix W by P , then
we have P−1WP = ( 1 10 1). Thus the qth power of W is
Wq = P
(
1 q
0 1
)
P−1 =
(
1 − q(1 − s)2 q(1 − s)
−q(1 − s)3 1 + q(1 − s)2
)
.
The Riley polynomial in this case is given by
φq
(
s, s + 1
s
− 2
)
= w11 + (1 − s)w12 = 1 = 0.
Hence this case gives no representation of G(K) (see Lemma 4 in [23]).
Second we consider the case where τ = −2. That is, u = (s + 1/s − 2 ± μ)/2 holds, where
we put μ =√(s + 1/s − 2)2 − 16. By the same argument as before, the Riley polynomial in this
case is given by
φq(s, u) = (−1)
q+1q
2
{
s + 1
s
+ 2
(
1 − 1
q
)
∓ μ
}
= 0.
Next we assume that τ = trW = ±2. If we take a conjugation of W by a matrix
P1 =
(
p+ p−
u− su− su2 u− su− su2
)
,
where
p± = 12
{
u2 +
(
s − 1
s
+ 2
)
u±
√(
u2 −
(
s + 1
s
− 2
)
u+ 2
)2
− 4
}
,
then W will be a diagonal matrix
W1 = P−11 WP1 =
(
λ− 0
0 λ+
)
,
where λ± are the eigenvalues of W explicitly given by
λ± = 12
{
u2 −
(
s + 1
s
− 2
)
u+ 2 ±
√(
u2 −
(
s + 1
s
− 2
)
u+ 2
)2
− 4
}
.
We then see that
p+ = λ+ + su− 1, p− = λ− + su− 1
hold. By using these descriptions of p+ and p−, the Riley polynomial in this case is calculated
as
φq(s, u) =
(
s + 1
s
− 1 − u
)
λ
q
+ − λq−
λ+ − λ− −
λ
q−1
+ − λq−1−
λ+ − λ− = 0.
In particular, the polynomial φq(s, u) has degree 2q − 1 (q > 0) or 2|q| (q < 0).
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knot).
X =
(
1 1
0 1
)
, Y =
(
1 0
−u 1
)
, W =
(
1 − u −u
u2 1 + u+ u2
)
.
Since u = 0 (because the representation ρ : G(K) → SL(2,C) is nonabelian), τ = 2 holds. More-
over if τ = −2, then u = ±2√−1 and φq(1,±2
√−1) = (−1)q+1(2q − 1 ∓ 2√−1) = 0 hold.
Hence the Riley polynomial in this case is given by substituting the value s = 1 into the previous
case. That is, we have
φq(1, u) = (1 − u)λ
q
+ − λq−
λ+ − λ− −
λ
q−1
+ − λq−1−
λ+ − λ− = 0,
where
λ± = u
2 + 2 ± √u4 + 4u2
2
.
To sum up the discussion in this section, we have shown the proposition below.
Proposition 3.1. For a nonabelian representation ρ : G(K) → SL(2,C) of the twist knot K =
J (2,2q) (q = 0), the Riley polynomial φq(s, u) is given as follows.
(i) If trW = 2, then
φq(s, u) =
{
1 + q(s + 1/s − 2) (u = 0),
1 (u = s + 1/s − 2).
(ii) If trW = −2, then
φq(s, u) = (−1)
q+1q
2
{
s + 1
s
+ 2
(
1 − 1
q
)
∓ μ
}
for u = (s + 1/s − 2 ±μ)/2 and μ =√(s + 1/s − 2)2 − 16.
(iii) If trW = ±2, then
φq(s, u) =
(
s + 1
s
− 1 − u
)
λ
q
+ − λq−
λ+ − λ− −
λ
q−1
+ − λq−1−
λ+ − λ− ,
where λ± denote the eigenvalues of the matrix W .
Remark 3.2. In Proposition 3.1(iii), we easily see that the Riley polynomial φq(s, u) can be
described via τ = trW , instead of the eigenvalues λ± (see the proof of Theorem 5.3).
4. Twisted Alexander polynomials of twist knots
In this section, we completely calculate the twisted Alexander polynomial of twist knots for
nonabelian SL(2,C)-representations. In particular, we introduce an affine plane curve defining
the monic representations of twist knots.
First we calculate the free differential for the relator r = wqxw−qy−1 (see [4]).
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∂x
= ∂w
q
∂x
+ wq ∂
∂x
(
xw−qy−1
)
= (1 +w + · · · + wq−1)∂w
∂x
+wq
(
1 + x ∂w
−q
∂x
)
= (1 +w + · · · + wq−1)∂w
∂x
+wq +wqx(1 +w−1 + · · · +w−q+1)∂w−1
∂x
.
On the other hand, we have
∂w
∂x
= −yx−1 + yx−1y−1, ∂w
−1
∂x
= x−1y − x−1.
Hence it holds that
∂r
∂x
= wq{1 + (1 − x)(1 + w−1 + · · · +w−q+1)(x−1 − x−1y)}.
Taking the ring homomorphism Φ : Z[F2] → M(2,C[t, t−1]), we have
M2 = Φ
(
∂r
∂x
)
= Wq(I + (I − tX)(I +W−1 + · · · +W−q+1)(t−1X−1 −X−1Y )),
where I denotes the identity matrix. Since det t−1X−1(I − tY ) = 0 and detW = 1, we obtain
detM2 = det
(
I + t−1X−1(I − tY )(I − tX)(I +W−1 + · · · +W−q+1)).
As in the previous section, we first consider the case where u = 0. Then the numerator of the
twisted Alexander polynomial ΔK,ρ(t) is given by
detM2 = q2t2 + q(1 − 2q)
(√
s + 1√
s
)
t + 1 − 4q + q2
(
s + 1
s
+ 4
)
+ q(1 − 2q)
(√
s + 1√
s
)
t−1 + q2t−2
= q2(t2 + t−2)± (2q − 1)√4q2 − q(t + t−1)+ (2q − 1)(3q − 1),
because s + 1/s = 2 − 1/q and √s + 1/√s = ±√4 − 1/q hold. On the other hand, the denom-
inator of ΔK,ρ(t) is
detΦ(1 − y) = t2 −
(√
s + 1√
s
)
t + 1 = t2 ±
√
4 − 1
q
t + 1.
Therefore we have
ΔK,ρ(t)
.= q2t2 + (q − 1)
√
4q2 − qt + q2.
Similarly, in the case of τ = −2, we see that ΔK,ρ(t) .= −q(√s+1/√s) for an even integer q .
On the other hand, for an odd integer q , we get
ΔK,ρ(t)
.= (t + t−1)
+ 4(q − 1)(s + 1)
3{(s + 1)(s3 − 8s2 + 15s − 4)± s(s2 − 5s + 4)μ}√ 2 2 2 ,s(s − 1 ± sμ)(s − 2s − 3 ± sμ)
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s = −4q
2 + 2q − 1 ±√8q2 − 4q + 1
4q2 − 2q .
Next we consider the general case. Namely τ = trW = ±2. Thereby we obtain the following
formula.
Theorem 4.1. The twisted Alexander polynomial of the twist knot K = J (2,2q) for a nonabelian
SL(2,C)-representation ρ : G(K) → SL(2,C) is described via
ΔK,ρ(t)
.= αβt2 + 1
2
(√
s + 1√
s
){
α + β − 2αβ + λ+ − λ−
2 + λ+ + λ− (α − β)
}
t + αβ,
where α = 1 + λ+ + λ2+ + · · · + λq−1+ and β = 1 + λ− + λ2− + · · · + λq−1− .
Proof. We take a conjugation of the matrices X and Y by P1 and denote them by
X1 = P−11 XP1, Y1 = P−11 YP1.
The denominator of ΔK,ρ(t) is easily calculated as
detΦ(1 − y) = det(I − tY ) = det(I − tY1) = t2 −
(√
s + 1√
s
)
t + 1.
We also put
V = t−1X−11 (I − tY1)(I − tX1) =
(
v11 v12
v21 v22
)
,
where
v11 = 12ν
{(√
s + 1√
s
)(
u2 + ν)+ √s(1 − s)(1 − s−2)u}(t + t−1)
− 1
2ν
(
u3 −
(
s + 1
s
− 4
)
u2 −
(
2s + 2
s
− 4 − ν
)
u+ 4ν
)
,
v12 = 12√s(s + su− 1)νt
{
s(s + 1)u3 − (s2 − 1)(s − 2)u2 + (s−1 − s3)u
+ (s − 1)(s + su− 1)ν − √s(s + 1)(su3 − (s2 − 2s + 3)u2
+ 2s−1(s − 1)2u+ suν)t − (s2u4 − s(2s2 − 3s + 3)u3
+ (s4 − 3s3 + 8s2 − 5s + 3)u2 − s−1(s − 1)2(3s2 + 1)u
+ (s − 1)2ν − s(s2 − s − su+ 2)uν)t2},
v21 = −v12 +
√
s
(s + su− 1)t
{(
s − s−1)(u+ 1)− √s(s + 1)ut
− (su2 − (s2 − s + 2s−1)u+ s − s−1)t2},
v22 = −v11 +
(√
s + 1√
s
)(
t + t−1)− (u + 4),
and ν = √τ 2 − 4. Further we set
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(
α 0
0 β
)
,
where
α = 1 + λ+ + λ2+ + · · · + λq−1+ , β = 1 + λ− + λ2− + · · · + λq−1− .
Thereby the numerator of ΔK,ρ(t) is explicitly given by
detM2 = detP−11 M2P1
= det(I + VW2)
.= αβt4 + γ t3 + δt2 + γ t + αβ,
where
γ = 1
2
(√
s + 1√
s
){
α + β − 4αβ + λ+ − λ−
2 + λ+ + λ− (α − β)
}
and
δ = 1 − 1
2
{
(α + β)(u+ 4)− 2αβ
(
s + 1
s
+ 4
)
+ λ+ − λ−
2 + λ+ + λ− (α − β)(u+ 2)
}
.
In fact, the coefficient of the highest degree term of detM2 is calculated as follows (it is the most
important for our purpose). An easy calculation shows that
det(I + VW2) = det
(
1 + αv11 βv12
αv21 1 + βv22
)
= 1 + αv11 + βv22 + αβ detV
and
detV = t−2 detX−11 det(I − tY1)det(I − tX1)
=
(
t −
(√
s + 1√
s
)
+ t−1
)2
.
Since v11 and v22 have no term of degree two as a Laurent polynomial with a variable t , we see
that the coefficient of the highest degree term in det(I +VW2) is just αβ . By the same argument,
the coefficient of the lowest degree term in det(I +VW2) is also αβ . The remains of calculations
are elementary but lengthy, so that we omit the detail here.
From the above results, we have
ΔK,ρ(t) = detM2detΦ(1 − y)
.= αβt2 + 1
2
(√
s + 1√
s
){
α + β − 2αβ + λ+ − λ−
2 + λ+ + λ− (α − β)
}
t + αβ.
We have to remark that we used the Riley polynomial φq(s, u) = 0 to reduce the coefficient of t
in the above expression. This completes the proof of Theorem 4.1. 
Corollary 4.2. For the holonomy representation ρ0 of a hyperbolic knot K = J (2,2q) (q = 0,1),
the twisted Alexander polynomial ΔK,ρ (t) is described via0
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.= αβt2 +
{
α + β − 2αβ + λ+ − λ−
2 + λ+ + λ− (α − β)
}
t + αβ,
where α = 1 + λ+ + λ2+ + · · · + λq−1+ and β = 1 + λ− + λ2− + · · · + λq−1− .
Now let us focus on the coefficient of the highest degree term of the twisted Alexander poly-
nomial ΔK,ρ(t). A polynomial
f (t) = amtm + am−1tm−1 + · · · + a1t + a0 ∈ C[t]
is called monic if the coefficient am is just one (not ±1). It should be noted that the notion of
monic polynomial makes sense for ΔK,ρ(t), because it is actually polynomial (see Remark 2.2)
and well-defined up to a factor t2n (n ∈ Z).
Corollary 4.3. The twisted Alexander polynomial ΔK,ρ(t) of the twist knot K = J (2,2q) is a
monic polynomial (namely αβ = 1) if and only if trWq = trW (namely τq = τ ), where
τq = 12|q|−1
∑
0r|q|, |q|−r: even
( |q|
r
)
τ r
(
τ 2 − 4) |q|−r2
and τ = trW = u2 − (s + 1/s − 2)u+ 2. Moreover degu τq = 2|q| and the coefficient of u2|q| in
τq is 1. In particular, τq ∈ Z[s, s−1, u].
Proof. Using the fact that λ+λ− = 1, we have
αβ = (1 + λ+ + λ2+ + · · · + λq−1+ )(1 + λ− + λ2− + · · · + λq−1− )
= (1 − λ
q
+)(1 − λq−)
(1 − λ+)(1 − λ−) =
2 − τq
2 − τ .
Hence, the former assertion immediately follows. Since τq = τ−q and λ± = (τ ±
√
τ 2 − 4 )/2,
the latter assertion on τq is shown by means of the binomial expansion for trWq = trWq1 =
λ
q
+ + λq−. In particular, τq ∈ Z[s, s−1, u] follows from the fact that τq = trWq ∈ Z[τ ] holds,
which is shown by the inductive argument on q . 
We then define a polynomial expressing the monicity of the twisted Alexander polynomial
ΔK,ρ(t) by
ψq(s,u) = trWq − trW ∈ Z
[
s, s−1, u
]
.
The next properties on ψq(s,u) follow from the explicit description of τq in Corollary 4.3 and
our previous result in [7].
Proposition 4.4. The polynomial ψq(s,u) satisfies
(i) ψq(s−1, u) = ψq(s,u),
(ii) ψ−q(s, u) = ψq(s,u),
(iii) ψ±1(s, u) ≡ 0,
(iv) if J (2,2q) is a fibered knot, then ψq(s,u) ≡ 0.
In the next section, we study the locus ψq(s,u) = 0, which is an affine plane curve in C2, and
the intersection of two curves φq(s, u) = 0 and ψq(s,u) = 0.
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Let ρ : G(K) → SL(2,C) be a nonabelian representation of a knot K . We say ρ is monic if
the twisted Alexander polynomial ΔK,ρ(t) associated to ρ is a monic polynomial. For a fibered
knot K in S3, all the nonabelian representations to SL(2,C) are monic (see [1,5] and [7]). In this
section, we investigate the asymptotic behaviour of two curves φq(s, u) = 0 and ψq(s,u) = 0 in
CP 2 (after some modifications) following Riley’s paper [23]. In particular, we count the inter-
section points of them in C2 (namely, the monic representations) and show that it is finite.
To this end, it is convenient to use some of the language of algebraic geometry. We adopt the
homogeneous coordinates (x0 : x1 : x2) of the complex projective plane CP 2 and identify it with
C
2 ∪ l∞, where C2 is the complex affine plane with the coordinates (s, u) and l∞ is the line at
infinity. In this setting, l∞ is expressed as x2 = 0. Moreover if x2 = 0, s = x0/x2 and u = x1/x2
hold.
Let us recall that we assume τ = trW = ±2 (if τ = ±2, then φq(s, u) = 0 does not define a
curve in CP 2). For the Riley polynomial φq(s, u) ∈ Z[s, s−1, u], we put
Φq(s,u) = s|q|φq(s, u).
We then see that Φq(s,u) ∈ Z[s, u] and Φq(0, u) = 0 hold. Let Cq ⊂ C2 be the locus
Φq(s,u) = 0 (this differs from the locus φq(s, u) = 0 by the inclusion of points (0, uj ) where s
vanishes). Since degφq(s, u) = 2q − 1 (q > 0) or 2|q| (q < 0), the curve Cq has degree 3q − 1
(q > 0) or 3|q| (q < 0). We write Cˆq for the projective completion of Cq and (Cˆq · l∞)S for the
intersection multiplicity of Cˆq and l∞ at a point S ∈ l∞.
Proposition 5.1. (See Riley [23], Proposition 2.) The projective curve Cˆq meets l∞ in three points
A,B,C with intersection multiplicities as follows.
(i) A = (0 : 1 : 0), (Cˆq · l∞)A = |q|,
(ii) B = (1 : 1 : 0), (Cˆq · l∞)B = |q|,
(iii) C = (1 : 0 : 0), (Cˆq · l∞)C =
{
q − 1 (q > 0),
|q| (q < 0).
Proof. First we substitute s = x0/x2 and u = x1/x2 into Φq(s,u) and multiply by the least power
of x2 needed to get the result into Z[x0, x1, x2]. We would like to know the intersection with l∞,
so that we put x2 = 0. Let χφ(x0, x1) be the outcome. As was shown in [23], Proposition 2,
χφ(x0, x1) must be the form
χφ(x0, x1) = ±xk0xl1(x1 − x0)m
for some integers k, l,m > 0.
On the other hand, by checking the explicit description of φq(s, u) in Proposition 3.1(iii)
carefully, we see that χφ(x0, x1) contains two monic monomials x2q0 x
q−1
1 and x
q
0 x
2q−1
1 (up to
sign) if q > 0. Thus we have k = q, l = q − 1 and m = q . When q < 0, the assertion follows
from the similar argument. 
Now, for a while, we assume q > 1 (because of Proposition 4.4(ii), (iii)) and put
Ψq(s,u) = sqψq(s, u)
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hold. Let Dq ⊂ C2 be the locus Ψq(s,u) = 0. We write Dˆq for the projective completion of Dq .
Proposition 5.2. The projective curve Dˆq meets l∞ in three points A = (0 : 1 : 0), B = (1 : 1 : 0),
C = (1 : 0 : 0) with intersection multiplicities
(Dˆq · l∞)A = (Dˆq · l∞)B = (Dˆq · l∞)C = q.
Proof. By Corollary 4.3, the polynomial ψq(s,u) has the form
ψq(s,u) = τq + (polynomial in τ with deg q − 2).
Hence we have
Ψq(s,u) =
{
su2 − (s2 + 1 − 2s)u+ 2s}q + (lower degree terms),
since τ = u2 − (s + 1/s − 2)u+ 2.
Let χψ(x0, x1) be the resulting polynomial like χφ(x0, x1) in the proof of the previous propo-
sition. From the above description of Ψq(s,u), we obtain
χψ(x0, x1) = xq0 xq1 (x1 − x0)q .
This completes the proof of Proposition 5.2. 
Finally we count the number of monic representations of the twist knot K = J (2,2q) explic-
itly.
Theorem 5.3. Let q be an integer satisfying |q| > 1. Then two affine plane curves φq(s, u) = 0
and ψq(s,u) = 0 have at most 2|q| − 4 intersection points in C2 if q is odd or 2|q| − 2 if q
is even. In particular, the twist knot J (2,2q) has at most |q| − 2 conjugacy classes of monic
representations if q is odd or |q| − 1 if q is even.
Proof. Again we assume q > 1. As was mentioned in the proof of Proposition 5.2, ψq(s,u) is
a monic polynomial in τ with degree q . Thus the fundamental theorem of algebra implies that it
has the factorization
ψq(s,u) = (τ − ξ1)(τ − ξ2) · · · (τ − ξq), ξi ∈ C
over C. Checking the description of τq = trWq in Corollary 4.3, we see that ψq(s,u) includes
two divisors τ ± 2 when q is odd and a divisor τ − 2 when q is even. In particular, ψq(s,u) does
not have a divisor τ +2 when q is even. Since we assume that τ = ±2, the equation ψq(s,u) = 0
has at most q − 2 or q − 1 solutions as a polynomial in τ . We rename them ξi (1 i  q − 1 or
q − 2).
Substituting each ξi into the Riley polynomial
φq(s, u) =
(
s + 1
s
− 1 − u
)
λ
q
+ − λq−
λ+ − λ− −
λ
q−1
+ − λq−1−
λ+ − λ−
=
(
s + 1
s
− 1 − u
) q∑
λ
q−r
+ λr−1− −
q∑
λ
q−r
+ λr−2−r=1 r=2
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(
s + 1
s
− 1 − u
)
Fq−1(τ )−Fq−2(τ )
= 0,
whereFn(τ ) = τn(τ )+τn−2(τ )+τn−4(τ )+· · · for a positive integer n, we can solve the equation
for s + 1/s. That is, s + 1/s is expressed as s + 1/s = u + ci for some complex number ci ∈ C
(note that Fn(ξi) = 0 holds for any n). Using the relation, we can solve τ = ξi with respect to u
(it is a linear equation with u). We denote the solutions by ui (1 i  q − 1 or q − 2).
Since s + 1/s = ui + ci is a quadratic equation with a variable s, we obtain at most two solu-
tions si and s′i for each i. Therefore, two curves φq(s, u) = 0 and ψq(s,u) = 0 have intersection
points (si , ui) and (s′i , ui) for each i (1 i  q − 1 or q − 2).
The latter assertion follows from Theorem 1 in [23] (see also [3]). In fact, (si , ui) and (s′i , ui)
satisfy sis′i = 1. The same argument as above works for q < 1, so that this completes the proof
of Theorem 5.3. 
Example 5.4. K = J (2,4). This is 52-knot in the knot table. Since τ2 = τ 2 − 2, the polynomial
ψ2(s, u) is given by
ψ2(s, u) = trW 2 − trW = (τ − 2)(τ + 1).
Substituting τ = −1 into the Riley polynomial
φ2(s, u) =
(
s + 1
s
− 1 − u
)
τ − 1 = 0,
we have s + 1/s = u. Using the relation τ = u2 − (s + 1/s − 2)u + 2 = −1, we get a solution
u = −3/2. Therefore 2s2 + 3s + 2 = 0 and s = (−3 ± √−7 )/4. The monic representation
((−3 − √−7 )/4,−3/2) corresponds to the one obtained in our previous paper [8].
Example 5.5. K = J (2,6) = 72. In this case, the polynomial ψ3(s, u) is given by
ψ3(s, u) = trW 3 − trW = τ(τ + 2)(τ − 2).
Substituting τ = 0 into the Riley polynomial
φ3(s, u) =
(
s + 1
s
− 1 − u
)
(τ2 + 1)− τ = 0,
we have s+1/s = u+1. Hence u = −2 and s = (−1±√−3 )/2. Therefore the twist knot J (2,6)
has a conjugacy class of monic representation represented by one of ((−1 ± √−3 )/2,−2).
Remark 5.6. In the above two examples (q = 2,3), all the monic representations are elliptic
(see [23], Section 4). Namely, the value of s satisfies |s| = 1 but s = ±1. However the following
example shows that it is not true in general.
Example 5.7. K = J (2,8) = 92. Solving the equation ψ4(s, u) = 0 with respect to τ , we get
τ = 2,−1, −1 ±
√
5
2
.
When τ = (−1+√5 )/2, we see that s +1/s = u+ (1+√5 )/2 holds. Hence u = −(5+√5 )/2
and s = 1. In particular, the value s = 1 is a multiple root, so that the number of the intersection
points of two curves does not attain the bound 2|q| − 2 in this case.
452 T. Morifuji / Bull. Sci. math. 132 (2008) 439–453Remark 5.8. One might also expect that the value of u for a monic representation (s, u) is a
real number. However computer calculations reveal that it is true up to q = 43 and invalid for
general q .
In the case of q = ±1, the twist knots K = J (2,±2) are the trefoil and the figure eight knots
respectively. They are both fibered knots and then ψ±1(s, u) are identically zero (see Proposi-
tion 4.4). That is, all the nonabelian representations ρ : G(K) → SL(2,C) are monic.
On the other hand, Theorem 5.3 says that the number of monic representations of a nonfibered
knot J (2,2q) (|q| > 1) is finite. Therefore we conclude the present paper with the following
problems.
Problem 5.9. For a nonfibered knot, is the number of the conjugacy classes of monic represen-
tations finite?
More generally, we propose
Problem 5.10. What information (other than a fibering obstruction) is conveyed by the monicity
of the twisted Alexander polynomial?
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